Abstract. In this study we develop a first-order, nonstationary stochastic model for steady state, unsaturated flow in randomly heterogeneous media. The model is applicable to the entire domain of a bounded vadose zone, unlike most of the existing stochastic models. Because of its nonstationarity, we solve it by the numerical technique of finite differences, which renders the flexibility in handling different boundary conditions, input covariance structures, and soil constitutive relationships. We illustrate the model results in one and two dimensions for soils described by the Brooks-Corey constitutive model. It is found that the flow quantities such as suction head, effective water content, unsaturated hydraulic conductivity, and velocity are nonstationary near the water table and approach stationarity as the vertical distance from the water table increases. The stationary limits and the critical vertical distance at which stationarity is attained depend on soil types and recharge rates. The smaller the recharge rate is, the larger the critical distance; and the coarser the soil texture is, the smaller the distance. One important implication of this is that the existing simpler, gravity-dominated flow models may provide good approximations for flow in vadose zones of large thickness and/or coarse-textured soils although they may not be valid for vadose zones of fine-textured soils with a shallow water table. It is also found that the vertical extent of a domain where nonstationarity is important may be estimated by solving the one-dimensional Richards equation for mean head with average soil properties and appropriate boundary conditions. On the basis of the mean head, one may then determine whether the full, nonstationary model must be solved or whether a simpler, gavity-dominated model will suffice. The flow quantities are also nonstationary in the horizontal direction near the lateral boundaries, as found for flow in saturated zones.
Introduction
It has been recognized that medium heterogeneity significantly impacts fluid flow and solute transport in the subsurface. Many stochastic theories have been developed during the last two decades to study this phenomenon in saturated zones [e.g., Gelhar and Axness, 1983; Dagan, 1984 Dagan, , 1989 Winter et al., 1984; Neuman et al., 1987; Graham and McLaughlin, 1989; Rubin, 1990; Shvidler, 1993; Cushman and Ginn, 1993; Zhang and Neuman, 1995] . During the same period, many researchers have attempted to study the effects of spatial variability on flow and transport in unsaturated zones [e.g., Dagan and Bresler, 1979; Bresler and Dagan, 1981; Jury, 1982; Simmons, 1982; Hopmans et al., 1988; Destouni and Cvetkovic, 1989; Polmann et al., 1991; Harter and Yeh, 1996a, b] . In an unsaturated system the problem is more complicated because the flow equations are nonlinear in that unsaturated hydraulic conductivity depends on pressure head. Yeh et al. [1985a, b] used spectral representation to derive first-order expressions for the expected values and variances of soil water pressure head and flux, and the effective hydraulic conductivity for uniform mean, steady state, unsaturated flow in unbounded domains as a function of the statistical properties of soils and mean flow characteristics. Mantoglou and Gelhar [1987] extended the analysis to transient unsaturated flow. In a series of papers, Russo [1993 Russo [ , 1995a analyzed velocity covariances and solute dispersions in uniform mean, steady state, unsaturated flow through heterogeneous soils by combining the general Lagrangian transport approach of Dagan [1984] and the unsaturated flow theory of Yeh et al. [1985a, b] . In the latter studies the assumption of gravity-dominated (unit mean gradient) flow was implicitly made. In addition, Russo [1993 Russo [ , 1995a considered the water content to be constant and uniform in space. Yang et al. [1996] recently studied the effect of spatially variable water content on solute transport in gravity-dominated unsaturated flow through heterogeneous media. Although the problem was simplified by neglecting the functional dependence of unsaturated hydraulic conductivity and water content on the actual (random) pressure head by replacing the latter by its mean, it was found that the spatial variability of water content may have significant impacts on velocity covariance and on macrodispersivity.
In the previously mentioned studies, soils are assumed to be described by the Gardner-Russo constitutive model [Gardner, 1958; Russo, 1988] because of its simplicity. However, it is well known that the more complex van Genuchten model [van Genuchten, 1980] and the Brooks-Corey model [Brooks and Corey, 1964] usually fit measured data better. Zhang et al. [this issue ] have investigated the impact of different constitutive models on the results of stochastic analyses of gravitydominated flow. It was found that the impacts of the constitutive models on the statistical moments of suction head, effective water content, unsaturated hydraulic conductivity, and velocity depend on saturation ranges. For example, the mean head and the mean effective water content for the Brooks- Corey model differ in a great manner with their counterparts for the Gardner-Russo model near the dry and wet limits while the differences are small at the intermediate range of saturation. It was also found that the Brook-Corey model has certain mathematical advantages over the Gardner-Russo model in analyzing unsaturated flow in heterogeneous media. For example, the stochastic model developed based on the BrooksCorey function requires the coefficient of variation of head and soil parameter ␣ to be small (Ͻ Ͻ1) whereas that based on the Gardner-Russo function assumes the one-point cross covariance of head and ␣ to be small (Ͻ Ͻ1). Illustrative examples revealed that the latter condition might be violated because the one-point covariance was found to increase rapidly to beyond unity as the soil becomes dry whereas the former may be readily satisfied.
The assumption of gravity-dominated flow is (explicitly or implicitly) made in most of the previous studies. Otherwise, the flow field is nonstationary. This gravity-dominated flow assumption may be limiting because the mean pressure head may not be constant over large portions of a bounded vadose zone, especially a shallow vadose zone of fine-textured soils. Only a few studies investigated some aspects of the nonstationarity issue for steady state unsaturated flow. Andersson and Shapiro [1983] studied the stochastic nature of water content of steady state unsaturated flow in one-dimensional bounded domains by perturbation and Monte Carlo methods. They found that the water content becomes stationary at distances far from boundary regions. However, only the water content was examined, and only the saturated hydraulic conductivity was treated as a stochastic process, whereas other soil properties were assumed to be determinististic. A more recent work, by Indelman et al. [1993] , examined the stochastic nature of pressure head for steady state, unsaturated flow in a one-dimensional bounded domain of Gardner-Russo soils. Though both the saturated hydraulic conductivity and a soil pore size distribution parameter are treated as random space functions, it was found by the latter authors that as does the water content, the pressure head approaches stationarity when the distance from the water table is large. In the present paper we develop a nonstationary stochastic model to investigate the stochastic nature of steady state, unsaturated flow in bounded domains. Our study is different from these two previous studies in the following aspects: (1) We use a finite difference method to solve the stochastically derived moment equations so that the approach is applicable to nonstationary domains in both one and multiple dimensions; (2) we examine not only the water content and the pressure head but also the unsaturated hydraulic conductivity, the specific flux, and the seepage velocity, which is essential for solute transport in heterogeneous media; and (3) we work on soils described by the Brooks-Corey constitutive model.
General Formalism
We consider steady state flow in unsaturated media satisfying the following continuity equation and Darcy's law
where q is the specific discharge (flux), Ϫh(x) Ϫ x 1 is the total head, h is the suction head (absolute value of capillary pressure head) , and K[h(x) , ] is the unsaturated hydraulic conductivity (assumed to be isotropic locally), which depends also on soil properties at x. For convenience, it will be written as K(x) in the sequel. The elevation x 1 is directed vertically downward. The water table is set at x 1 ϭ 0, and therefore the vadose zone corresponds to x 1 Ͻ 0. In these coordinates, recharge has a positive sign. The seepage velocity at x is related to the specific flux q i by
where e ϵ e [h(x), ] is the effective volumetric water content at x and depends on h and soil properties. In most stochastic analyses of solute transport [e.g., Russo, 1993 Russo, , 1995a Harter and Zhang, 1995; Harter and Yeh, 1996a, b] , the variability of e (x) in (3) is neglected by replacing it by its mean. In most previous stochastic models the Gardner-Russo model is used to describe the constitutive relationships of K versus h and e versus h because of its simplicity. As mentioned earlier, Zhang et al. [this issue] recently found that the Brooks-Corey model may have certain mathematical advantages over the Gardner-Russo model in low-order stochastic analyses. The Brooks-Corey model reads as
where K s is the random saturated hydraulic conductivity, ␣ is the inverse of the absolute value of air entry pressure, r is the residual (irreducible) water content, s is the saturated water content, and ␤ is a parameter related to pore size distribution. The variabilities of s and r are likely to be small compared to that of the effective water content e . In this study r and s are assumed to be constant spatially; adding their variabilities to the present study is straightforward by expressing r ϭ ͗ r ͘ ϩ Ј r and s ϭ ͗ s ͘ ϩ Ј s and then following the same procedures outlined below. The soil properties ␣(x) and ␤(x) and the log transformed saturated hydraulic conductivity f(x) ϭ ln K s (x) are random variables. They are assumed to be second-order stationary such that their expected values are constant and their covariances depend on the relative distance of two points rather than their actual locations. Taking log transformations on (4) and writing
Substituting the expansions ln (͗␣͘ ϩ ␣Ј) ϭ ln ͗␣͘ ϩ ␣Ј/͗␣͘ Ϫ (1/2)(␣Ј 2 /͗␣͘ 2 ) ϩ ⅐ ⅐ ⅐ and ln (͗h͘ ϩ hЈ) ϭ ln ͗h͘ ϩ hЈ/͗h͘ Ϫ (1/ 2)(hЈ 2 /͗h͘ 2 ) ϩ ⅐ ⅐ ⅐ into (6), one has, to first-order,
where C Y (x, ) is the covariance of log unsaturated hydraulic conductivity. In the above,
The log-unsaturated hydraulic conductivity Y is nonstationary in that its mean is not constant and its two-point covariance depends on the actual locations of the two points. Equation (9) reduces to (16) 
where
Equation (2) can be rewritten as
is the geometric mean of K(x).
To first-order, we have
is the cross covariance of log unsaturated hydraulic conductivity and suction head, and C h is the covariance of head. We may rewrite (3) as
It is seen from (10) that to first-order,
Hence even if the mean specific flux is constant, the mean velocity is generally a function of mean head and spatial location. As mentioned before, the variability in e is neglected in most stochastic theories such that only the first term in the right-hand side of (20) exists.
Multiplying qЈ i (x) in (15) with Ј e () in (11) and taking the ensemble mean yields
Similarly,
The yet unknown (cross) covariances C fh , C ␣h , C ␤h , and C h are obtained below. Substituting (2) into (1) and utilizing
where summation for repeated indices is implied. It can be shown that the head fluctuation, to first-order, satisfies the following equation:
Substituting (7) and (8) into (27) yields
for ͗h(x)͘ Ͼ 1/͗␣͘; and
for ͗h(x)͘ Յ 1/͗␣͘. Multiplying (28) and (29) by hЈ() and taking the ensemble mean yields
C fh , C ␣h , and C ␤h are the solutions of the following equations under appropriate boundary conditions:
Again, the model is nonstationary in that the expected values are not constant and the covariances depend not only on the relative distance of two points but also on their actual locations. It should also be noted that although the model has been developed for soils described by the Brooks-Corey constitutive relationship, it is applicable to Gardner-Russo soils by simply replacing the the coefficients a i and b i by their counterparts for the Gardner-Russo relationship as done by Zhang et al. [this issue] .
Uniform Mean Flow
In some earlier studies the mean hydraulic head gradient has been assumed to be uniform vertically through the domain, that is, J 1 ϭ const and J 2 ϭ J 3 ϭ 0, and it has been believed that it is not necessary for J 1 to be 1 [e.g., Yeh et al., 1986a, b; Russo, 1993 Russo, , 1995a . However, when
0, and thus ͗h(x)͘ varies linearly in the vertical direction. It is seen from (7) that K m (x), to first-order, depends on ͗h(x)͘ and is a function of space. Hence, on the basis of (14), [(Ѩ͗q 1 (x)͘)/(Ѩ x 1 )] 0 while ͗q 2 ͘ ϭ ͗q 3 ͘ ϭ 0, and this violates the requirement of steady state flow, ٌ ⅐ ͗q(x)͘ ϭ 0. Therefore we see that unlike steady state flow in saturated zones, in an unsaturated system the mean gradient J 1 cannot be assumed to be spatially uniform except for gravitydominated flow. It can be concluded that in those earlier studies one is the only possible value for the uniform mean gradient J 1 . In general, the mean hydraulic gradient is not uniform even if the mean unsaturated flow is.
In this study, we consider uniform mean flow along the vertical direction such that ͗q 1 ͘ ϭ const and ͗q 2 ͘ ϭ ͗q 3 ͘ ϭ 0. From (14) we have
With the boundary condition, ͗h( x 1 o , x 2 , x 3 )͘ ϭ 0 at x 1 o ϭ 0, we could solve (34) iteratively for the mean head ͗h(x)͘. In general, ͗h(x)͘ is neither constant nor linear with respect to x 1 . Therefore h(x) is not stationary, except for gravity-dominated flow as studied by Yeh et al. [1985a, b] , Russo [1993 Russo [ , 1995a , Harter and Yeh [1996a, b] , Yang et al. [1996] , and Zhang et al. [this issue] .
When the log saturated hydraulic conductivity f and the soil property parameters ␣ and ␤ are second-order stationary, we have,
and
and Ѩa 3 (x)/ Ѩ x 1 ϭ 3( J 1 Ϫ 1)/͗h(x)͘ when ͗h(x)͘ Ͼ 1/͗␣͘; and a i ϭ c ϭ d ϵ 0 when ͗h(x)͘ Յ 1/͗␣͘. In these equations the two-point covariances depend on the actual locations of the two points and are thus generally nonstationary. For gravity-dominated flow in unbounded domains, these equations reduce to (34)-(37) of Zhang et al. [this issue] , and the covariances become stationary.
It is noticed that C fh , C ␣h , C ␤h , and C h in (35)-(38) are governed by the same type of equations but with different forcing terms. This facilitates the solution. In this study we solve these second moment equations by the method of finite differences in one and two dimensions. The spatial derivatives are discretized via the central-difference approximations
where pq stands for fh, ␣h, ␤h, or h. The water table is assumed to be known at x 1 ϭ 0 with certainty so that ͗h͘ ϭ 0 and C fh ϭ C ␣h ϭ C ␤h ϭ C h ϭ 0 at the bottom boundary. With this the mean head can be solved from (34) in an iterative manner. The upper boundary is at ground surface with specified recharge. As pointed out by Indelman et al. [1993] , this choice makes the exact position of the ground surface immaterial since the solution is dictated by the boundary condition at x 1 ϭ 0. In this study the upper boundary is set to be far away to insure that stationarity is approached there. For twodimensional domains the lateral boundaries are assumed to be no-flow. With K()Ѩh()/Ѩ 2 ϭ 0, it can be shown that at the two lateral boundaries,
More general boundary conditions may be accommodated similarly. The log unsaturated hydraulic conductivity f and the soil properties ␣ and ␤ are assumed to be second-order stationary. The spatial covariances have the following exponential form
where p ϭ f, ␣, or ␤; p 2 is the variance of p; and p is the integral scale of p. Here the covariance function is assumed to be isotropic. Because the approach is numerical, it can handle anisotropic covariance functions without increased difficulty. For ease of discussing results, the input variables f, ␣, and ␤ are further assumed to be uncorrelated such that C f␣ ϭ C f␤ ϭ C ␣␤ ϭ 0. Again, this numerical approach is able to handle any type of correlations among f, ␣, and ␤. In addition, different soil constitutive models may be easily implemented. For example, by replacing the coefficients a i and b i in (35)-(38) by their counterparts for the Gardner-Russo model given by Zhang et al. [this issue ] the results for soils described by the latter model can be obtained with the same algorithm.
We illustrate the approach for a hypothetical sandy loam soil used by Russo [1988] . As in work by Zhang et al. [this issue] , the statistical parameters are given as ͗f͘ ϭ 0, f 2 ϭ 1, and f ϭ 10 cm; ͗␣͘ ϭ 0.0217 cm Ϫ1 , Cv(␣) ϭ ␣ /͗␣͘ ϭ 0.3, and ␣ ϭ 10 cm; ͗␤͘ ϭ 1.738, Cv(␤) ϭ ␤ /͗␤͘ ϭ 0.3, and ␤ ϭ 10 cm. It is assumed that s Ϫ r ϭ 0.5. Some one-and two-dimensional results are discussed below.
3.1.1. 1-D case. Here we consider vertical infiltrations in a one-dimensional domain of the above mentioned soils. Figure 1a shows the mean suction head ͗h͘ (cm) versus the normalized distance from the water table ( z ϭ Ϫ͗␣͘x 1 ) as a function of normalized recharge q n ϭ q/K G (where K G is the geometric mean of saturated hydraulic conductivity). Here the normalized distance is with respect to the absolute value of the mean air entry pressure 1/͗␣͘. It is seen from Figure 1a that the mean suction head increases with the distance from the water table and then approaches a constant after some critical distance for each recharge value. The asymptotic constant is exactly the same as the mean head obtained based on the gravity-dominated flow (stationary) model of Zhang et al. [this issue] . That is, the mean head is nonstationary when the distance from the water table is less than z Ϸ 2.17, 3.26, and 4.34 for the respective cases of recharge q n ϭ 0.01, 0.001, and 0.0001. Thus we see that the larger the recharge is (or the smaller the geometric mean of saturated hydraulic conductivity is), the smaller the mean suction head and the smaller the normalized distance at which stationarity is approached. In the limit of a large recharge rate where the whole vadose zone becomes saturated, the mean head is zero and the whole domain is stationary except near the boundaries. Figures 1b-1d show the mean log-unsaturated hydraulic conductivity ͗Y͘, the mean water content ͗ e ͘, and the mean vertical velocity ͗u͘ versus the normalized distance z from the water table. As does the mean head, these three flow quantities approach their respective stationary limits when the normalized distance from the water table becomes large (and exceeds the height of the capillary fringe). Again, the distance for them to become stationary increases as the normalized recharge (q n ϭ q/K G ) decreases. Physically speaking, the mean log unsaturated hydraulic conductivity ͗Y͘, for instance, is equal to ln q in the gravity-dominated region while ͗Y͘ ϭ ͗f͘ in the capillary fringe. Therefore there is a transition from the capillary fringe to the gravity-dominated region. The smaller q relative to K G ϭ exp [͗f͘] is (i.e., the smaller q n is), the larger the transition. For a certain soil type (i.e., one with fixed average soil properties) it likely requires a larger distance to accomplish a larger transition. Figure 2 shows the head variance h 2 , one-point covariances fh , ␣h , and ␤h as a function of the normalized recharge q n . The one-point covariance is defined as pq (x) ϭ C pq (x, x). It is seen that from Figure 2a that both the stationary head variance and the normalized distance at which stationarity is approached increase as the normalized recharge decreases. In addition, it seems that the distance for the head variance to become constant is slightly larger than that for the mean head at a certain recharge value. Similarly, the one-point covariances are nonstationary near the water table and then become stationary when the distance from the water table is large. This is in agreement with the observation by Indelman et al. [1993] . However, fh has different stationary limits for different recharges in the present study while fh reaches the same stationary limit in work by Indelman et al. [1993, Figure 2a] . This discrepancy is due to different constitutive models used in these two studies. As shown by Zhang et al. [this issue, Figure  2a] Figure 3 shows the head covariance C h ( z, z c ) and cross covariances C fh ( z, z c ), C ␣h ( z, z c ), and C ␤h ( z, z c ) with different reference points z c under normalized recharge q n ϭ 0.001. It is seen that as z c becomes larger these covariances become more symmetric. This is another indication that stationarity is approached as the normalized distance from the water table increases. Figure 4a shows the log unsaturated hydraulic conductivity covariance C Y ( z, z c ) under recharge q n ϭ 0.001. It is seen that the covariance becomes symmetric when the reference distance z c Ն 4.34. When z c Ն 4.34 the variance (at z ϭ z c ) matches the stationary result of Zhang et al. [this issue, Figure  3b ]. Figure 4b shows the cross covariance C Yh ( z, z c ). It is found that C Yh becomes antisymmetric at z c Ն 4.34. This is in agreement with the stationary behavior of C Yh [Zhang et al., [this issue] . Figures 4c and 4d show the covariance of water content C ( z, z c ) and the normalized velocity covariance
It is seen that the covariances become symmetric and the variances (at z ϭ z c ) stabilize after z c Ն 4.34. Their stationary limits match the corresponding results of gravity-dominated flow model by Zhang et al. [this issue, Figures 3c and 3d] . Now we would like to illustrate the effects of soil properties and their variabilities on the flow quantities. Figures 5a and 5c show the effects of ͗␣͘ and ͗␤͘ on the head and velocity variances. The normalized recharge q n ϭ 0.001, and note again that z ϭ ͗␣͉͘x 1 ͉ is the normalized distance from the water table. The stationary head variance, the absolute distance ͉x 1 ͉ at which stationarity is attained, and the mean head (though not shown here) decrease as ͗␣͘ increases (Figure 5a ). This is understandable by recognizing that ␣ is the reciprocal of the absolute value of the air entry pressure and is related to the pore size. The larger ͗␣͘ is, the larger the average pore size, and the smaller the capillary fringe. The velocity variance and the absolute distance at which stationarity is attained also decrease with the increase of ͗␣͘. The stationary head and velocity variances and the absolute distances for both the head and velocity variances to become constant decrease as ͗␤͘ increases. It is seen that the critical distance above the water table within which nonstationarity is important is strongly dependent on the mean soil properties such as ͗␣͘ and ͗␤͘, that is, the soil type. For fine-textured soils with small average pore size and large air entry pressure, the critical distance is large and the effect of nonstationarity is likely to be important for a large portion of a vadose zone. For coarse-textured materials such as well-drained sandy soils, the critical distance is small and the impact of nonstationarity may be negligible even with a shallow water table.
Figures 5b and 5d look at the effects of the integral scales of f, ␣, and ␤. With the increase of the integral scale of log saturated hydraulic conductivity f, the stationary head variance and velocity variance are only slightly impacted, and the distance at which stationarity is attained does not change at all. As the integral scales of ␣ and ␤ increase, the stationary head variance increases while the velocity variance decreases. It is seen that the integral scale of f, ␣, or ␤ has no effect on the distance at which stationarity is attained. The effect of mean saturated hydraulic conductivity ͗f͘ on the head variance enters through the normalized recharge (with respect to the geometric mean of saturated hydraulic conductivity). It is obvious that the variances of the dependent flow variables increase with the variances of the input variables f, ␣, and ␤. Though not shown here, the latter variances, however, do not affect the distance at which stationarity is attained.
One practical application of these findings is that the extent of nonstationarity can be estimated with only the mean quantities ͗f͘, ͗␣͘, and ͗␤͘, which may be easily available compared to other statistical parameters of the soil. Since the extent of nonstationarity determined on the basis of the mean head is only slightly different from that based on the head variance, one may approximate the extent of nonstationarity by solving the Richards equation for a homogeneous domain with K G ϭ exp [͗f͘] , ͗␣͘, and ͗␤͘ and the same type of boundary conditions. This is possible because the mean head obtained in this study is of zeroth-or first-order in . In passing, it was found by Indelman et al. [1993] that the second-order correction to the mean head is negligible for flow in a one-dimensional domain of Gardner-Russo soils. For one-dimensional homogeneous systems, many analytical or semianalytical solutions are available in the literature. With the solution of the mean head, one may determine whether or not the effect of nonstationarity is important for the situation of interest and hence decide on whether the full, nonstationary model must be solved or a simpler, gavity-dominated model will suffice.
3.1.2. 2-D case. Now let us look at a two-dimensional case. The domain is bounded with a water table at the bottom and with no-flow boundaries at two sides. The upper boundary is at ground surface with specified recharge. In the case shown in Figures 6 and 7 , the normalized recharge q n ϭ 0.001, and the horizontal (lateral) size of the domain is 100 cm or 10 f . The soil properties and their statistical moments are the same as in the one-dimensional case of Figure 1 .
Figures 6a and 6c show the head covariances h (z, y; z c , y c ) ϭ C h ( x 1 , x 2 ; 1 , 2 ) and the water content covariances C e ( z, y; z c , y c ) along the vertical axis x 2 ϭ 2 ϭ 50 of the domain. Here, z ϭ Ϫ͗␣͘x 1 and z c ϭ Ϫ͗␣͘ 1 are the normalized vertical coordinates (the normalized distances from the water table because z ϭ 0 at the water table); y ϭ ͗␣͘x 2 and y c ϭ ͗␣͘ 2 are the normalized horizontal coordinates. When z c ϭ z, the covariances become the variances at ( z, y ϭ y c ϭ 1.085) for head and water content, respectively. It is seen that as in the one-dimensional case, the variances approach their respective asymptotic limits and the covariances become more symmetric with the increase of distance from the water table. Although the values of the head variances are different in one and two dimensions (comparing Figures 2a  and 6a) , the distance at which stationarity is attained seems to be the same. Therefore the vertical extent of a domain where nonstationarity is important may be estimated by solving the one-dimensional Richards equation with the average soil properties and the appropriate boundary conditions, as discussed in the one-dimensional cases. Figures 6b and 6d show the head covariances C h ( z, y; z c , y c ) and the water content covariances C e ( z, y; z c , y c ) along the horizontal axis z ϭ z c ϭ 4.34. The head and water content variances (at y c ϭ y) are largest at the lateral boundaries and decrease towards the center of the domain; and they are symmetric about the domain center along the horizontal direction. The head variance at the lateral (no-flow) boundaries is smaller than its respective value obtained from the one-dimensional case of Figure 2a at the same vertical distance while the corresponding water content variance is larger in 2-D than in 1-D. The covariances are asymmetric because of boundary effects when the reference point y c ϭ 0.54 and become symmetric when y c ϭ 1.085 (at the center of the domain).
Figures 7a and 7b show the covariances of log unsaturated hydraulic conductivity C Y ( z, y; z c , y c ) along the vertical axis at y ϭ y c ϭ 1.085 and along the horizontal axis at z ϭ z c ϭ 4.34. Once again, the log unsaturated hydraulic conductivity approaches stationarity as the distance from the water table increases. Like the head variance, the log unsaturated hydraulic conductivity variance (at y c ϭ y) is largest at the lateral (no-flow) boundaries and decreases toward and becomes stabilized at the domain center in the horizontal direction. However, the variance at the lateral boundaries is larger than the one-dimensional result of Figure 4a . Though not shown here, we found that the stationary limits of the variances depend on the horizontal dimension of the domain, as found for flow in saturated zones [Osnes, 1995] . It is seen that the the variances become independent of the actual location when the horizontal distance from the boundary is larger than a few integral scales as in saturated zones. Similar observations are found for other flow quantities.
Conclusions
A first-order, a nonstationary stochastic model of steady state, unsaturated flow is developed which is applicable to the entire domain of a vadose zone unlike most of the existing stochastic models. Because of its nonstationarity, we solve it by the numerical technique of finite differences, which renders the flexibility in handling different boundary conditions, input covariance structures, and soil constitutive relationships. We illustrate the model results in one and two dimensions for soils described by the Brooks-Corey constitutive model. This paper leads to the following major conclusions:
1. We found that the flow quantities such as suction head, effective water content, log unsaturated hydraulic conductivity, and velocity are nonstationary near the water table and approach stationarity as the vertical distance from the water table increases.
2. The stationary limits and the critical vertical distance at which stationarity is attained depend on the soil type and the recharge rate. The smaller the recharge is, the larger the critical distance; and the coarser the soil texture is, the smaller the distance. One implication of this is that the existing gravitydominated flow models may provide good approximations for flow in vadose zones of large thinkness and/or coarse-textured soils although they may not be valid for vadose zones of finetextured soils with a shallow water table.
3. The integral scales of log saturated hydraulic conductivity f ϭ ln K s and soil property parameters ␣ and ␤ have impacts on the stationary variances but have essentially no effect on the vertical (absolute) distance at which stationarity is approached. One practical application of this is that the vertical extent of a domain where nonstationarity is important may be estimated by solving the one-dimensional Richards equation for the mean suction head with the average soil properties and the appropriate boundary conditions. On the basis of the mean head, one may then determine whether the full, nonstationary model must be solved or a simpler, gavity-dominated model will suffice.
4. The flow quantities are also nonstationary in the horizontal direction near the lateral boundaries. For example, the head, water content, and log unsaturated hydraulic conductivity variances are largest at the lateral (no-flow) boundaries, decrease with distance from the boundaries and stabilize near the horizontal center of the domain. It seems that the the variances become stationary (or independent of distance from the boundary) when the horizontal distance from the boundary is larger than a few integral scales as in saturated zones. 5. The magnitudes of the stationary variances depend on the horizontal dimension of the domain. The two-dimensional stationary head variance at the no-flow boundaries is generally smaller than its one-dimensional counterpart while the twodimensional log unsaturated hydraulic conductivity and water content variances are larger.
